Abstract. A k-generalized Dyck path of length n is a lattice path from (0, 0) to (n, 0) in the plane integer lattice Z × Z consisting of horizontal-steps (k, 0) for a given integer k ≥ 0, up-steps (1, 1), and down-steps (1, −1), which never passes below the x-axis. The present paper studies three kinds of statistics on k-generalized Dyck paths: "number of u-segments", "number of internal u-segments" and "number of (u, h)-segments". The Lagrange inversion formula is used to represent the generating function for the number of k-generalized Dyck paths according to the statistics as a sum of the partial Bell polynomials or the potential polynomials. Many important special cases are considered leading to several surprising observations. Moreover, enumeration results related to u-segments and (u, h)-segments are also established, which produce many new combinatorial identities, and specially, two new expressions for Catalan numbers.
Introduction
Let L n,k denote the set of lattice paths of length n from (0, 0) to (n, 0) in the plane integer lattice Z × Z consisting of horizontal-steps h = (k, 0) for a given integer k ≥ 0, up-steps u = (1, 1), and down-steps d = (1, −1). Let L m,j n,k be the set of lattice paths in L n,k with m up-steps and j horizontal-steps. Let L be any lattice path in L m,j n,k . A u-segment of L is a maximal sequence of consecutive up-steps in L. Define α i (L) to be the number of u-segments of length i in L and call L having the u-segments of type 1 α 1 (L) 2 α 2 (L) · · · . Let L m,j n,k,r be the subset of lattice paths in L m,j n,k with r u-segments. A k-generalized Dyck path or k-path (for short) of length n is a lattice path in L n,k which never passes below the x-axis. By our notation, a Dyck path is a 0-path, a Motzkin path is a 1-path and a Schröder path is a 2-path. Let P m,j n,k denote the set of k-paths of length n (i.e. n = 2m + kj) with m up-steps and j horizontal-steps and let Q m,j n,k be the subset of k-paths in P m,j n,k with no horizontal-step at x-axis. Define P m,j n,k,r (Q m,j n,k,r ) to be the subset of k-paths in P m,j n,k (Q m,j n,k ) with r u-segments. In [9] , we study two kinds of statistics on Dyck paths: "number of u-segments" and "number of internal u-segments". In this paper, we consider these two statistics together with "number of (u, h)-segments" in the more extensive setting of k-paths. In order to do this, we present two necessary tools : Lagrange inversion formula and the potential polynomials.
Lagrange Inversion Formula [10] . If f (x) = n≥1 f n x n with f 1 = 0, then the coefficients of the composition inverse g(x) of f (x) (namely, f (g(x)) = g(f (x)) = x) can be given by
More generally, for any formal power series Φ(x),
n , (1.2) for all n ≥ 1, where Φ ′ (x) is the derivative of Φ(x) with respect to x.
The Potential Polynomials [5, pp. 141,157] . The potential polynomials P where B n,i x 1 , x 2 , · · · is the partial Bell polynomial on the variables {x j } j≥1 (see [2] ).
In this paper, with the Lagrange inversion formula, we can represent the generating functions for the number of k-paths according to our statistics (see Sections 2-4) as a sum of partial Bell polynomials or the potential polynomials. For example,
We consider a number of important special cases. These lead to several surprising results. Moreover, enumeration results related to u-segments and (u, h)-segments are also established in Section 5, producing many new combinatorial identities and in particular the following two new expressions for the Catalan numbers:
2. "u-segments" statistics in k-paths
We start this section by studying the generating function for the number of k-paths of length n according to the statistics α 1 , α 2 , . . ., that is,
Proposition 2.1. The ordinary generating function P (x, z; t) is given by
Proof. Note that P (x, z; t) can be written as P (x, z; t) = 1 + zP (x, z; t) + j≥1 P j (x, z; t), where P j (x, z; t) is the generating function for the number of k-paths with initial u-segment of length j according to the statistics α 1 , α 2 , . . .. An equation for P j (x, z; t) is obtained from the first return decomposition of a k-path starting with a u-segment of length j:
, where P (1) , . . . , P (j) are k-paths, see Figure 1 . Figure 1 . First return decomposition of a k-path starting with exactly j up-steps.
Thus P j (x, z; t) = t j x j P j (x, z; t) + zt j x j P j+1 (x, z; t). Hence, P (x, z; t) satisfies P (x, z; t) = 1 + zP (x, z; t) + j≥1 t j x j P j (x, z; t) + z j≥1 t j x j P j+1 (x, z; t), as required.
2
Define y = y(x, z; t) = xP (x, z; t) and T (x) = 1 + j≥1 t j x j . Then (2.1) reduces to y = (x + zy)T (y). Let y * = y(x, zx; t), then we have y * = x(1 + zy * )T (y * ).
Theorem 2.2. For any integers n, m ≥ 1 and k, j ≥ 0,
Proof. Using (1.2) and (1.3), we obtain
Replace t i by qt i in Theorem 2.2 and note that
where the summation κ m (r) is for all the nonnegative integer solutions of r 1 +r 2 +· · ·+r m = r and r 1 + 2r 2 + · · · + mr m = m, we have In what follows we consider many special cases of T (x). These produce several interesting results, as described in Examples 2.5-2.14. We also obtain several identities involving Stirling numbers of the first (second) kind, idempotent numbers and other combinatorial sequences. 
we have
Example 2.6. Let T (x) = 1 + qxe x which is equivalent to 
It is well known that the Stirling numbers of the second kind satisfy
Thus, Theorem 2.2 leads to
It is well known that the Stirling numbers of the first kind s(n, i) satisfy
Thus, Theorem 2.2 leads to 
for all i ≥ 1, where λ is an indeterminant. So, Theorem 2.2 leads to
which generates that when λ = 1 the set P m,j n,k is counted by
which implies that the number of k-paths P of length 2n with no u-segments of length greater than r is given by
and t r = q. Then Theorem 2.2 gives
which implies that the number of k-paths P of length n with exactly p u-segments of length r (namely α r (P ) = p) is given by
otherwise. Thus, Theorem 2.2 leads to
which produces the following results. The number of k-paths in P rm,j 2rm+kj,k such that the length of any u-segment is a multiple of r (i.e., the case q=1) is given by n,k,r be the set of lattice paths P * = P d such that there is one colored down-step in P * , where P ∈ P m,j n,k,r . To give a bijective proof of Corollary 2.3, we need the following lemma.
Lemma 2.15. There exists a bijection φ between the setsP m,j n,k,r and L m,j n,k,r such that P * ∈ P m,j n,k,r has the same type of u-segments as φ(P * ) ∈ L m,j n,k,r .
Proof. Any P * ∈P m,j n,k,r can be uniquely partitioned into P * = P 1 dQ 1 , where P 1 , Q 1 are lattice paths and d is the colored down-step. Define φ(P * ) = Q 1 P 1 , then it is easy to verify that φ(P * ) ∈ L m,j n,k,r and note that the length of any u-segment in φ(P * ) is the same as in P * . Conversely, for any L ∈ L m,j n,k,r , we can find the leftmost point which has the lowest ordinate, then L can be uniquely partitioned into two parts in this sense, namely, n,k,r such that each u-segment of length i is weighted by t i , which makes the proof complete. 3. "internal u-segments" statistics in k-paths
An internal u-segment of a k-path P is a u-segment between two steps such as dd, hh, hd, dh, i.e., all u-segments except for the first one are internal u-segments. Define β r (P ) to be the number internal u-segments of length r in a k-path P . We start this section by studying the ordinary generating functions for the number of k-paths of length n according to the statistics β 1 , β 2 , . . ., that is,
, which can be represented as follows in terms of the generating function P (x, z; t).
Proposition 3.1. The ordinary generating function F (x, z; t) is given by
Proof. An equation for F (x, z; t) is obtained from the decomposition of a k-path: either
for some j ≥ 1, where P ′ , P (1) , · · · , P (j+1) are k-paths. Then F (x, z; t) satisfies the equation
4. "u-segments" and "Internal u-segments" Statistics in k-paths without a horizontal-step on the x-axis 4.1. u-segments statistics. We start this subsection by studying the generating function for the number of k-paths in Q m,j n,k according to the statistics α 1 , α 2 , . . ., that is, Q(x, z; t) = Q(x, z; t 1 , t 2 , . . .) = m,j≥0
Proposition 4.1. The ordinary generating function Q(x, z; t) is given by
Proof. Note that Q(x, z; t) can be written as Q(x, z; t) = 1+ j≥1 Q p (x, z; t), where Q p (x, z; t) is the generating function for the number of k-paths starting with p up-steps and without a horizontal-step on the x-axis according to the statistics α 1 , α 2 , . . .. An equation for Q p (x, z; t) is obtained from the first return decomposition of a k-path starting with a u-segment of length p:
, . . . , P (p) are k-paths and P * is a k-path without a horizontal-step on the x-axis. Thus Q p (x, z; t) = t p x p P p−1 (x, z; t)Q(x, z; t) + zt p x p P p (x, z; t)Q(x, z; t) and Q(x, z; t) satisfies the equation Q(x, z; t) = 1 + Q(x, z; t) p≥1 t p x p P p−1 (x, z; t) + z p≥1 t p x p P p (x, z; t) . Hence, by Proposition 2.1, we obtain the desired result.
which completes the proof. Remark 4.4. Note that from Theorem 2.2 and 4.2, the ratio of
. For the sake of conciseness, we omit many examples as done in Section 2. However, we may ask whether there is a combinatorial interpretation for this relation.
4.2.
Internal u-segments statistics. In this subsection, we study the generating function for the number of k-paths in Q m,j n,k according to the statistics β 1 , β 2 , . . ., that is,
Proposition 4.5. The ordinary generating function H(x, z; t) is given by
Proof. Note that H(x, z; t) can be written as H(x, z; t) = 1+ p≥1 H p (x, z; t), where H p (x, z; t) is the generating function for the number of k-paths starting with p up-steps and without a horizontal-step on the x-axis according to the statistics β 1 , β 2 , . . .. An equation for H p (x, z; t) is obtained from the first return decomposition of a k-path starting with a u-segment of length p: where P (1) , . . . , P (p) are k-paths and P * is a k-path with no horizontal-step on the x-axis. Thus H p (x, z; t) = x p P p−1 (x, z; t)H(x, z; t) + zx p P p (x, z; t)H(x, z; t). Hence, H(x, z; t) satisfies the equation H(x, z; t) = 1 + p≥1 x p P p−1 (x, z; t) + z p≥1 x p P p (x, z; t) H(x, z; t), a simplification reduces this to the required expression.
2 Theorem 4.6. For any integers n, m, k, j ≥ 0, m + j ≥ 1,
which completes the proof. n,k such that (i) each internal (u, h)-segment has length equal to a multiple of k; (ii) the first (u, h)-segment has length ≡ ℓ (mod k) for 0 ≤ ℓ ≤ k − 1. We note that the case j = 0 is studied in [9] . , which has been proved in [9] . Hence we havẽ
LetP m,j,ℓ n,k denote the subset of P m,j n,k such that (iii) each internal u-segment has length equal to a multiple of k; (iv) the first u-segment has length ≡ ℓ (mod k) for 0 ≤ ℓ ≤ k − 1.
Theorem 5.2. The numberP r,k,ℓ of k-paths of length n = kr + 2ℓ satisfying conditions (iii) and (iv) isP
Proof. Note that for any path P ∈P 
It should be noted that p≥0 ℓ+1 kp+ℓ+1
, where f (x) is the generating function for (k + 1)-ary plane trees, and which satisfies the relation f (x) = 1 + xf (x) k+1 . Then it is easy to prove that the generating functions forP r,k,ℓ and forP r,k,ℓ are respectivelỹ
Replacing x by x 1+x in (5.1) and (5.2), one can deduce that
Comparing the coefficient of x n in both sides of (5.3) and (5.4), one can deduce the following consequence:
Using the generalized Lagrange inversion formula obtained in [6] , from (5.1), we have
Similarly, from (5.2), we have
Hence we obtain the next corollary: We consider below several special cases, leading to several interesting results. = C(x), which is the generating function for the Catalan numbers C n = 1 n+1 2n n . Hence we havē
which is the generating function M (x) for the Motzkin numbers M n . Then Theorem 5.2 together with (5.5) and (5.6) generates the well-known identities (see [1, 3] ) 3n n x n , which is the generating function for complete 3-ary plane trees. So we havē
If we let y = xP 2,0 (x), it follows that y = x(1 + y) −1 . From this,
Similarly, when k = 2 and ℓ = 1 in (5.2), we havē
Hence we obtain the following statement:
Corollary 5.7. The number of 2-paths (i.e. Schröder paths) of length 2n such that all usegments have even length is the Catalan number C n for n ≥ 0 and the number of 2-paths of length 2n + 2 such that all internal u-segments have even length and the first u-segment has odd length is the Catalan number C n+1 for n ≥ 0.
Here is a simple bijective proof. For any Schröder path S of length 2n such that all usegments have even length, replace each h step by ud steps, then we get a Dyck path of length 2n. On the other hand, any Dyck path D of length 2n can be decomposed uniquely into
, where i ′ s, j ′ s ≥ 1. Now replace a sub-path u i l d j l by u i l −1 hd j l −1 if i l is odd, and do nothing is i l is even. Then we get a desired Schröder path S. A similar argument proves the second claim in Corollary 5.7.
Theorem 5.2 and Example 5.6 give rise to two new expressions for the Catalan numbers,
